This paper presents a method for interpolating a sparse set of velocity measurements on the surface of a vibrating structure. The method is based on a novel integration of a physical model of the vibrating structure with an optimal signal recovery technique. The ability to achieve good interpolation performance with a small set of sensors makes this method important for many active noise control applications where an accurate measure of structural surface velocity is required to predict the radiated acoustic eld. To demonstrate the applicability of this method in active control applications, a sample experiment is performed and results presented. 
I. INTRODUCTION
Sound attenuation is usually achieved by means of placing energy absorbing materials on selected surfaces of a radiating structure. This technique, referred to as passive noise control design, works quite well for sounds in the medium to high frequency range but becomes problematic at low frequencies where the thickness of the absorbing material layer becomes unwieldy. In this low frequency region, a more e ective alternative to passive design is active noise control. In this approach, a destructive interference eld generated by a control sound source is made to cancel components of the primary sound eld. Comprehensive references on active noise control are available in excellent reviews given in references 1,2].
A variation of this approach is to actively control the vibration of a noisy structure directly to reduce its radiated sound. In this approach, discrete force actuators are driven appropriately at selected points on the surface to shift as much of the vibrational energy as possible to structural modes that have low radiation e ciencies. The actuators are driven via a digital controller that receives the noise or vibration signal from a sensor array located either within the radiated sound eld (pressure sensors) or on the surface of the structure In many applications, it is impractical to place pressure sensors within the eld of interest. Thus, one is left with the more di cult problem of placing motion sensors (e.g., accelerometers or velocity sensors) on the surface of the vibrating structure and using a model-based approach to minimize an estimate of the radiated sound eld. The focus of this paper is on the application of the latter approach. This di culties in this approach have been that it typically requires the placement of many sensors on the structural surface.
However, structural limitations often prevent placement of sensors on a regular grid (e.g., inaccessible locations for sensor mounts). In addition, sensors are often too expensive to permit a dense laydown on a structure.
To overcome these di culties, non-uniform interpolation methods can be used to estimate the dense set of measurements needed for ASAC. Some of the most popular interpolation approaches include band-limited interpolation and various spline techniques 7] . The spline interpolators make few assumptions about the 1 signal of interest, and are therefore appropriate when little is known about the signal generation source.
The band-limited interpolators work well for signals with a known nite frequency bandwidth. In surface velocity interpolation, however, the response may not be strictly band-limited. Other information, though, is usually known (or can be estimated) about the signal generation source. In particular, the physical nature of a vibrating structure that has been excited by harmonic forces of bounded energy is additional information that should be introduced into the interpolation process (e.g., the vibration of a clamp-clamp beam is constrained to satisfy a fourth-order partial di erential equation and certain boundary conditions). It is reasonable to expect that this additional information will lead to an improved interpolation scheme.
In this paper, we have devised a methodology for interpolating a sparse nonuniform set of structural surface velocities that can be used to accurately estimate the acoustic eld for ASAC. The methodology is an adaptation of a technique from the theory of optimal signal recovery 9] to spatial, model-based interpolation of velocity measurements on the surface of a vibrating structure. The next section begins by brie y summarizing the optimal estimation techniques. Section 3 discusses the adaptation of these techniques to surface velocity interpolation, and Section 4 presents results of this approach for the particular problem of interpolating velocities on a vibrating rectangular plate. Finally, in Section 5, an active control experiment is described that employs the above interpolation technique and a limited array of motion sensors placed on a plate to minimize far-eld radiated sound.
II. OPTIMAL SIGNAL INTERPOLATION
The goal of spatial signal interpolation is to estimate samples of a signal b at a sampling rate higher than the original. Two criteria that have been used extensively in the literature to measure the quality of an estimate include For the special case in which the signal class S can be written in the form of an energy bound, a deterministic estimation procedure can be applied 9, 10]. For example, if the signal b is known to be the result of a linear transformation A of a bounded input x, then the signal class S can be expressed as (1) and (2) simultaneously (the optimal minimum norm solution) is the Chebyshev center of the hyperellipsoid. In the two-dimensional example of Figure 1 , the Chebyshev center is the point b opt , which is the midpoint of the vertical dashed solution line (the minimum length vector that lies on the dashed line in the Q-weighted space). In addition, upper and lower bounds for the true signal vector b can be computed. In Figure 1 , these bounds are the maximum and minimum values of the dashed solution line (i.e., the points of intersection between the line and the ellipse).
For the case where the energy of the vector x is bounded as in Equation 4 , the optimal interpolants can be derived analytically. To write a closed-form expression for the estimated signal vectorb, let b m 2 C m 1 be the measured (known) samples and let A m 2 C m L be the corresponding submatrix relating the L unknown inputs with the m measured outputs, i.e., b m = A m x :
The solution b opt 2 C N 1 that minimizes both Equations (1) and (2) is given as b opt = A(A m ) y b m : (8) For other cases where the bound on the vector x is more complicated than the energy bound in Equation 4, the problem typically cannot be solved analytically. For example, if separate magnitude bounds are imposed on individual elements of x, the best interpolants can be found using a linear programming method. For these other cases, the interested reader is referred to Burnside and Parks 12].
III. MODEL-BASED INTERPOLATION OF SURFACE VELOCITIES
The formulation of the interpolation method in Section II applies to a broad class of linear transformations on a bounded input (Ax = b with a bound on x). The problem of interpolating surface velocities on a structure resulting from bounded input forces falls into this general category. The velocity response v n at a spatial location n on the structure can be written as a function of the harmonic forces f applied to the 4 structure. In vector form, this can be expressed as v = Yf ; (9) where Y is the structural mobility matrix. The mobility matrix Y can be written in terms of the modal response of the structure 11] as
where the subscript r refers to the rth mode, r is the mass-normalized modal displacement vector, ! r is the natural frequency, r is the damping loss factor associated with the rth mode, and i = p ?1. The harmonic excitation frequency is !. The mobility matrix Y is a complex, symmetric matrix. For a complex structure, the elements of this matrix could be obtained experimentally with a modal analysis, or numerically with a nite element analysis of the structure.
In many structural acoustics problems, an estimate of the mobility matrix Y is available. In addition, bounds on the harmonic excitation forces can be described, often in the form of bounds on total energy of all the excitation forces. The problem statement for interpolating surface velocities using the methods described in Section 2 is given as the following:
Given 
IV. EXPERIMENTAL RESULTS
The method described in the previous section was applied to a nite aluminum plate 1 m long, 0.6 m wide, and 3.175 mm thick, with clamped boundaries. As mentioned, a nite element method is e ective at computing the mobility matrix for most structures. The nite element method is a numerical procedure for analyzing structures in which the structure is discretized by modeling it as a series of \ nite elements."
This method was employed in nding the natural frequencies and mode shapes of the aluminum plate. The particular nite element code used in this work was based on the Kirchho plate theory 11]. Each element has four nodes, and three degrees of freedom at each node. These degrees of freedom are transverse displacement and two out-of-plane rotations along the axes of the element. The plate natural frequencies and mode shapes are the solutions to the following eigenvalue problem:
where K and M are the sti ness and the mass matrices, respectively, the vector is the natural mode shape of the structure, and ! is the natural frequency of the structure (radians/second).
The test plate was discretized into 240 elements (20 rows of 12 elements) of equal length and width, which corresponds to 209 possible sensor locations. The rst 90 natural frequencies and mode shapes of this plate were found. For brevity, only the rst 30 plate natural frequencies are given in Table 1 . At the frequency of analysis, 495 Hz, the plate response consisted of contributions from multiple plate modes, which was deemed to be more challenging than a plate response dominated by a single mode. Figure 2 shows the plate mode shapes within the 480-510 Hz frequency range. These modes are signi cant in determining the response of the plate at 495 Hz.
Using the above mentioned 90 mode shapes and natural frequencies, along with Equation (10), the mobility matrix for the test plate was obtained ( r = 0:02 for all r). Next, using Equation (9), the response of the plate due to a primary point force of 0.8 N located at coordinate (x = 0:1m, y = 0:05m) was found ( Figure 3) 3 Finally, the analysis outlined in Section 3 was applied to this plate. Figure 4 The interpolation method described in Section II does not rely on the assumption of a single excitation point. 4 While the model-based technique developed in this paper is not required to have uniformly placed sensors, a uniform laydown was chosen for the experiments so as to not bias the results towards any interpolation method favoring a particular sensor con guration.
V. ACTIVE CONTROL EXPERIMENT
As discussed in Section I, in many active noise control applications, it is impractical to place pressure sensors in the eld of interest. As a result, the radiated sound eld is estimated using a model-based approach that relates velocity measurements on the vibrating structure to the sound eld. This section demonstrates the utility of this paper's model-based interpolation technique for this type of active noise control problem.
To begin, the plate model described in the previous section was assumed to lay within an in nite ba e. A discretized form of the Rayleigh intergral, similar to that described in 4] was used to model and predict the radiated sound eld from this plate. The far-eld pressure eld was sampled at 325 equally spaced points over a hemisphere 100 meters in radius. A radiation matrix G was obtained which related the plate surface velocity to the far-eld pressure via p = Gv:
(17)
Using the methodology described in previous sections and using the above equation, an estimate of the far-eld pressure radiated from the plate was obtained (p = Gv). If the methodology we have employed is accurate in its estimation of the surface velocity of the plate, then one would expect a good estimate of the far-eld pressure computed using (17). In turn, the accuracy of this estimate will determine the ability of the active noise control system to minimize the actual far-eld pressures.
As described in the previous sections, the plate was excited via a 0.8 N point force placed at x = 0:1m, y = 0:05m. Next, a set of control (actuator) point forces (excluding the excitation location) (f c ) were found that satis ed the following equation
where Y c is the mobility matrix relating the forces at the control locations to velocities on the plate. It should be noted that because of the way the above equation is written, this minimization seeks to reduce the sound pressure over all 325 points. Thus, the quantity being minimized is related to the total radiated sound power.
To demonstrate the performance of the proposed technique, active control experiments were conducted for varying numbers of actuators from one to twenty, and a single xed sensor laydown using 25 sensors (as shown in Figure 6 ). In each case, the actuator locations were selected using a multidimensional QR-based actuator selection algorithm 8]. The placement algorithm seeks to place the actuators to minimize the the residual noise in the sound eld. These actuators were then used to compute the performance of the active control system. The methodology presented in this paper was compared against the linear interpolation and the cubic interpolation techniques. As shown in Figure 7 the other two interpolation techniques perform poorly (resulted in enhancements in of 10 dB in the sound eld instead of reductions) in a consistent manner, whereas the technique proposed in this paper shows reductions in the overall radiated sound eld (negative numbers). The poor control performance of the other two interpolation methods is due to the poor estimates of the velocity distributions (Figure 6 ), leading to inaccurate estimates ofp used in (18). For the model-based technique presented in this paper, as the number of actuactors increases, the performance improves up to 12.2 dB. This is to be expected since more vibration control authority is attained with more actuators.
VI. SUMMARY
This paper presented a methodology for interpolating a sparse nonuniform set of structural surface velocities that can be used to accurately estimate the acoustic eld for Active Structural Acoustic Control.
The methodology is an adaptation of a technique from the theory of optimal signal recovery to spatial, model-based interpolation of velocity measurements on the surface of a vibrating structure. The method assumes that a bound on the energy of the excitation forces, estimated mobilities of the structure, and a sparse set of velocity measurements are known. Results were presented for the case of interpolating velocities on a rectangular plate. With twenty-ve uniformly selected point velocity measurements out of 209 possible locations, the method estimates the structural surface velocity with a normalized error of only -25.4 dB. Next, the far-eld sound pressure radiated from this plate was predicted and a control experiment conducted to reduce this pressure. Results showed that the interpolation technique presented in this paper consistently performs well, yielding signi cant reductions in the radiated sound eld. Further improvements on the quality of the interpolation scheme can be made by strategically placing the sensors to minimize the possible interpolation errors. Also, the interpolation technique should be extended to include other types of bounds on the excitation forces (e.g., individual bounds on each point force The vertical scale corresponds to the error which is displayed in the lower mesh plot. The * symbol within the rectangular box above each graph correspond to the sensor locations. 
